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Abstract. We use discrete quadratic Lyapunov functions to design con-
trollers for a class of systems where time intervals between state mea-
surements are longer than time intervals between control actions and
different components of the state vector are not measured at the same
time. The discrete Lyapunov function is a discretization of a continuous
Lyapunov function assumed to be known for the idealized system. With
this framework, we determine the maximum time interval between mea-
surements of each state variable to guarantee the non-increasing property
for the discrete Lyapunov function.

1 Introduction

We propose a controller design method for systems where the time interval
between state measurements is longer than the time interval between control
actions. Furthermore, we consider asynchronous sensing which arises naturally
from using multiple sensors with different clocks and time scales. We investigate
systems where each component in the state vector is updated based on an in-
dependent clock, i.e. different state variables are measured at different times. In
[11] and [2], asynchronous distributive algorithms and asynchronous multi-agent
systems are discussed with a similar definition of asynchronicity. Aysnchronicity
is also investigated in [1] and its references. There, however, the asynchronicity
relates to non-uniform intervals at which the system is discretized, and state
variables are all updated at the same time.

By introducing a formulation of asynchronicity in measurements of different
components of the state vector, we establish a procedure that allows us to incor-
porate sensing asynchronicity in the discrete control Lyapunov function (DCLF)
based controller design method. We suppose that for the idealized continuous
system when both the control and sensing intervals are infinitely small, a (con-
tinuous) controller based on a quadratic control Lyapunov function (CLF) can
be found. For the asynchronous system, we use the same CLF as a candidate
for the DCLF and show how to change the continuous control law into a dis-
crete law. From this we can estimate an upper bound on the maximum sensing
interval for each component in the state. There have been ongoing efforts to
generalize Lyapunov stability theory to systems with hybrid nature [4–8]. Our
developments allow us to take advantage of the abundant tools available for the
continuous design.



2 Controller Design

Consider a continuous system with control on IRn described by ẋ = f(x) +
g(x)u + F (x, t) where x = (x1, ..., xn) ∈ Rn, u ∈ IRm is the control and F (x, t)
represents the perturbations. Suppose such system has an equilibrium at x = 0.
It may be possible to find a control Lyapunov function V (x) from which a
control law u can be derived to stabilize the equilibrium following [10]. Suppose
an estimated perturbation F̂ is available. If there exist functions Y (x) and Z(x)
such that Y T (x) = ∇V T g(x) and Y T (x)Z(x) = ∇V T f(x) for all x, then V̇ =
Y T (x)(F̂ (x, t) + u + Z(x)) + ∇V T F (x, t) − Y T (x)F̂ (x, t). The design of u is
u = −Z(x)−K Y (x)− F̂ (x, t).

We assume that the control interval ∆t, the time between two control actions,
is fixed. We also assume each sensing interval ∆Ti, the time between measure-
ments of xi, is fixed and ∆Ti = Pi∆t where Pi > 1 is an integer for i = 1, ..., n.
A simple recursive Euler predictor can be employed to estimate the states from
measurements: x−k+1 = x+

k + f(x+
k )∆t + g(x+

k )uk∆t + F̂ (x+
k , tk)∆t. The symbol

x+
k represents the updated state at step k that has incorporated available sensor

information. The symbol x−k+1 represents the predicted state at step k + 1. If
no measurements are taken at step k, then we let x+

k = x−k . Note that more
sophisticated predictors can be applied [9].

Suppose we use a discretized control law: uk = −Z(x+
k )−K Y (x+

k )−F̂ (x+
k , tk).

Suppose further that the Lyapunov function V is quadratic. Then V −
k+1 −V +

k =
∇(V +

k )T (x−k+1 − x+
k ) + 1

2 (x−k+1 − x+
k )T H+

k (x−k+1 − x+
k ) where ∇V +

k and H+
k

represents the gradient and Hessian of function V at x+
k .

Suppose the estimate of the perturbation satisfies Y T F̂ −∇V T F = 0 when
measurements are taken. Under the proposed control we have

V −
k+1 − V +

k = −K Y T
k Yk∆t +

∥∥∥ fk + Fk − gk(Zk + F̂k + KYk)
∥∥∥2

H+
k

∆t2 (1)

where we let Fk = F (x+
k , tk) and gk, Yk, Zk and fk are defined similarly. Matrix

H+
k defines a pseudo inner product 〈·, ·〉H+

k
and its induced norm ‖ · ‖H+

k
.

From (1) we can determine the value of K that achieves the largest decrease
in V as Kk = (2 〈Ak, gkYk〉H+

k
∆t + Y T

k Yk)/(2 ‖ gkYk ‖2
H+

k
∆t) where Ak = fk +

Fk − gk(Zk + F̂k). The maximum decrease in V is

(V −
k+1 − V +

k )∗ = ‖Ak ‖2
H+

k
∆t2 −

(
2 〈Ak, gkYk〉H+

k
∆t + Y T

k Yk

)2

4 ‖ gkYk ‖2
H+

k

. (2)

3 Asynchronous Sensing

If there exist rational numbers ail such that ∆Ti = ail∆Tl for all i, l = 1, ..., n,
we say the asynchronous sensing is resonant. By assumptions made in Sec. 2 we
develop results for the resonant case.



Let jm and jm+1 be two time indices. We use the symbol Γi(jm, jm+1) to
represent the set of time indices when measurements for xi are available within
the interval [jm, jm+1). In the resonant case, we can always find an (infinite)
sequence {jm} such that: (S1) The interval jm+1− jm is constant for all m. (S2)
Γi(jm, jm+1) is not empty for all i. (S3) There exists i such that a measurement
for xi is available at each jm.

We often write Γi(jm, jm+1) simply as Γi. Let Ni be the total number of
elements in Γi and let N =

∑
i Ni. Since N is finite, we can construct an N

dimensional vector v that contains all members of Γi for all i. We call v the
asynchronous index vector. Note that N is constant for all [jm, jm+1).

Consider the DCLF V (x) where x ∈ IRn. Let p assume all possible values for
p ∈ Γi and for i = 1, 2, ..., n. We use V −

p and V +
p to denote the function value

before and after the update. Let x−p , x+
p , ∇V −

p and H−
p be the state vector before

measurement, the state vector after measurement, the gradient vector and the
Hessian at the time instant indexed by p.

Definition 1. Consider the interval [jm, jm+1). On this interval, we define the
asynchronous state vector before update as the N dimensional vector x̂a whose
r-th component satisfies (x̂a)r = (x−vr

)i where vr is the r-th component of the
asynchronous index vector v and vr ∈ Γi. We define the asynchronous state
vector after update as the N dimensional vector xa whose r-th component satis-
fies (xa)r = (x+

vr
)i. We define the asynchronous gradient as the N dimensional

vector ∇aV whose r-th component satisfies (∇aV )r = (∇V −
vr

)i. We define the
asynchronous Hessian as the N × N matrix Ha whose elements satisfy, for
r, l = 1, 2, ..., N , (Ha)r,l = (H−

vr
)i1,i1 if r = l, (Ha)r,l = (H−

vr
)i1,i2 if vr = vl but

i1 6= i2, and (Ha)r,l = 0 for other cases, where indices i1 and i2 are such that
vr ∈ Γi1 and vl ∈ Γi2 .

As a convention, we let V −
p = V +

p if p /∈ Γi for any i. We compare the
value of the candidate function V at two time instants jm and jm+1 when the
same part of the states have been updated. The difference between the function
values V −

jm
and V −

jm+1
can be written as V −

jm+1
− V −

jm
=

∑jm+1−1
p=jm

(
V +

p − V −
p

)
+∑jm+1−1

p=jm

(
V −

p+1 − V +
p

)
. Using the discretized controller uk with adaptive gain

Kk from Sec. 2, for V −
jm+1

− V −
jm

≤ 0 to hold, we need
∑jm+1−1

p=jm

(
V +

p − V −
p

)
≤∑jm+1−1

p=jm
(V +

p − V −
p+1)

∗. We introduce the notion of an asynchronously positive
invariant set. This notion is closely related to Poisson stability c.f. [3].

Definition 2. Consider an infinite sequence {jm} that satisfies assumptions
(S1-S3). We say a set M ⊂ IRN is asynchronously positive invariant for {jm}
if for xa(j0, j1) ∈ M , we have xa(jm, jm+1) ∈ M for all m ≥ 0.

We let the set E1 ⊂ IRN be the set of all asynchronous states xa where
V −

jm+1
− V −

jm
≤ 0 is satisfied for the sequence {jm}. Let the set M1 be the set of

xa where V (Φ−jm+1
(xa(jm, jm+1))) ≤ c1 for some c1 ≥ 0 where Φ−jm+1

is the state
transition map from xa(jm, jm+1) to x−jm+1

.

Proposition 1. If M1 ⊂ E1, then M1 is asynchronously positive invariant.



Let ea = xa − x̂a. This ea contains all the corrections to the states when
measurements are available. To estimate the upper bound for sensing intervals,
some assumptions are needed regarding how the prediction error depends on
time. If x+

i (t) = x−i (t), we assume that |x+
i (t + τ) − x−i (t + τ)| ≤ Lτ q for

i = 1, 2, ..., n where L > 0, q ≥ 1 and for all t, τ ≥ 0. Under this assumption, the
asynchronous error satisfies ‖ ea ‖ ≤ L∆T q

i

(∑n
l=1(Nlali)2

) 1
2 for any given i.

Proposition 2.
∑jm+1−1

p=jm

(
V +

p − V −
p

)
= (∇aV )T ea + 1

2 (ea)T Haea.

We now know |
∑jm+1−1

p=jm

(
V +

p − V −
p

)
| ≤ ‖∇V a ‖ ‖ ea ‖ + 1

2 ‖Ha ‖ ‖ ea ‖2
.

Then a sufficient condition for V −
jm+1

−V −
jm

≤ 0 is ‖∇V a ‖ ‖ ea ‖+ 1
2 ‖Ha ‖ ‖ ea ‖2 ≤

∆V ∗ where ∆V ∗ =
∑jm+1−1

p=jm
(V +

p − V −
p+1)

∗. If this condition is satisfied for all
xa ∈ M1, then M1 ⊂ E1 and M1 is asynchronously positive invariant by Prop. 1.
We can estimate the maximum sensing interval ∆Ti for M1 to be asynchronously
positive invariant as

∆T ∗i = inf
xa∈M1

−‖∇V a ‖+
(
‖∇V a ‖2 + 2 ‖Ha ‖∆V ∗

) 1
2

L (
∑n

l=1(Nlali)2)
1
2 ‖Ha ‖


1
q

. (3)
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